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Abstract. Using ageometric approach, we determine the relations between the local
Euler obstruction Euf of a holomorphic functionf and several generalizations of the
Milnor number for functions on singular spaces.
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1 Intr oduction

In the case of a nonsingular germ(X, x0) and afunction f with an isolated
critical point atx0, thefollowing three invariants coincide (for (c), up to sign):

(a) the Milnor number off at x0, denotedμ( f );

(b) the number of Morse points in a Morsification off ;

(c) the Poincaré-Hopf indexof grad f at x0;

This fact is essentially due to Milnor’s work in the late sixties [Mi]. There
exist extensions of all these invariants to the case when(X, x0) is asingular germ,
but they do not coincide in general. One of the extensions of (c) is the Euler
obstruction of f at x0, denotedEuf (X, x0). This was introduced in [BMPS];
roughly, it is the obstruction to extending the conjugate of the gradient of the
function f as a section of the Nash bundle of(X, x0). It measures how far the
local Euler obstruction is from satisfying the local Euler condition with respect
to f in bivariant theory. It is then natural to compare Euf (X, x0) to theMilnor
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number off in the case of a singular germ(X, x0). Thishas been also a question
raised in [BMPS].

The main idea of this paper is that, for singularX, the Euler obstruction
Euf (X, x0) is mostclosely related to (b). We use the homological version of
the bouquet theorem for the Milnor fiber given in [Ti], which relates the con-
tributions in the bouquet to the number of Morse points. Through this relation,
one may compare Euf (X, x0) to thehighest Betti number of the Milnor fiber
of f . In caseX hasMilnor’s property, the comparison is optimal and yields a
general inequality, see §3.1. We further compare Euf (X, x0) with two different
generalizations of the Milnor number for functions with isolated singularity on
singular spaces, one due to [Lê3], the other to [Go, MS] for curve singularities
and to [IS] for functions on isolated complete intersection germs in general. In
case when the germ(X, x0) is anisolated complete intersection singularity, we
use in addition the GSV-index of vector fields [GSV] to completely determine
the relations between Euf (X, x0), theMilnor number of f and the GSV-index
attached tof .

2 Euler obstruction and Morsification of functions

Let (X, x0) denote thegerm at some pointx0 of a reduced pure dimensional
complex analytic space embedded inCN , for someN. Consider a Whitney
stratificationW of somerepresentativeX of (X, x0).1 Let W0 be thestratum
containingx0 and letW1, . . . Wq be thefinitely many strata ofX havingx0 in
their closure,other thanW0. Sucha Whitney stratification is not unique, but
there is a unique “most economical” one (having maximal strata, in the sense
of inclusion of strata) by results of Mather and Teissier. We shall not need here
this unique stratification, we just fix any Whitney stratificationW . Oncewe
have fixed the stratification, its germ atx0 does notdepend on the choice of the
representative ofX. The next definitions (of general functions, resp. functions
with singularity) will depend on the the chosen stratification but not on the local
embedding in a nonsingular space.

Let us denote byF : (CN, x0) → (C, 0) some extension of f .

Definition 2.1. (Lazzeri ’73, Benedetti ’77, Pignoni ’79, Goresky-Mac-
Pherson ’83 [GM, p.52]). One says thatf : (X, x0) → C is ageneralfunction
if dFx0 does notvanish on any limit of tangent spaces toWi , ∀i 6= 0, and to
W0 \ {x0}. Onesays thatf : (X, x0) → C is astratifiedMorse function germif:

1we shalluse throughout the paper the notationX for some representative of the germ(X, x0).
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dim W0 ≥ 1, f is general with respect to the strataWi , i 6= 0 and therestriction
f|W0

: W0 → C has aMorse point atx0.

Wehave emphasized the special role of the dimension ofW0 by thefollowing
reason: if dimW0 = 0 (whichmeansW0 = {x0}) thengeneral functions on the
germ(X, x0) do exist, whereas Morse functions do not.

Let us recall some definitions and notations from [BMPS]. The complex
conjugate of the gradient of the extensionF projects to the tangent spaces of
the strata ofX into a vector field, which may not be continuous. One can make
it continuous by “tempering” it in the neighborhoods of “smaller” strata. One
gets a well-defined continuous stratified vector field, up to stratified homotopy,
which we denote by gradX f . We shall call it brieflythe gradient vector field.

Let now f : (X, x0) → C be afunction with isolated singularity atx0 with
respect tothe stratificationW . This means by definition thatf is a general
function at any pointx 6= x0 of somerepresentativeX of the germ(X, x0). Then
gradX f has anisolated zero atx0. If ν : X̃ → X is the Nash blow-up ofX andT̃
is the Nash bundle over̃X, then gradX f lifts canonicallyto a never-zero section

g̃radX f of T̃ restricted tõX ∩ ν−1(X ∩ Sε), whereSε is asmall enough sphere
aroundx0, given by Milnor’s result [Mi, Cor. 2.8]. Following [BMPS], the

obstruction to extend̃gradX f without zerosthroughoutν−1(X ∩ Bε) is denoted
by Euf (X, x0) and iscalled thelocal Euler obstruction off .

Example 2.2. If the germ(X, x0) is nonsingular, then the Nash blow-up of
the representativeX can be identified toX itself, the Nash bundle is the usual
tangent bundle ofX and Euf (X, x0) is, by definition, the Poincaré-Hopf index
of gradX f at x0. From[Mi, Th.7.2] one deduces: Euf (X, x0) = (−1)dimC Xμ,
whereμ is theMilnor number of f . It is also easy to prove (see [BLS, BMPS])
that if (X, x0) is any singular space butf is a general function germ atx0, then
theobstruction Euf (X, x0) is zero.

We claim that a natural way to study Euf is to split it according to a Morsi-
fication of f . We prove the following general formula for holomorphic germs
with isolated singularity:

Proposition 2.3. Let f : (X, x0) → (C, 0) be aholomorphic function with
isolated singularity atx0. Then

Euf (X, x0) = (−1)dimC Xαq,

whereαq is thenumber of Morse points onWq = Xreg in a generic deformation
of f .
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Proof. We Morsify the functionf , i.e. we consider a small analytic deforma-
tion fλ of f such thatfλ only hasstratified Morse points within the ballB and
it is general in a small neighborhood ofx0. (See,for instance, the Morsification
Theorem 2.2 in [Lê2].)

Since fλ is adeformation off , it follows that gradX f is homotopicto gradX fλ
over the sphereX ∩ ∂ B, so the obstructions to extend their lifts toν−1(X ∩ B)

without zerosare equal.
On the other hand, the obstruction corresponding to gradX fλ is alsoequal to

the sum of local obstructions due to the Morse points offλ. Lemma4.1 of [STV]
shows that the local obstruction at a stratified Morse point is zero if the point
lies in a lower dimensional stratum. So the points that only count are the Morse
points on the stratumXreg and, atsuch a point, the obstruction is(−1)dimC X, as
explain above in Example 2.2. �

Remark 2.4. The Euler obstruction is defined via the Nash blow-up and the
latter only takes into account the closure of the tangent bundle over the regular
part Xreg. Sincethe other strata are not counting in the Nash blow-up, it is
natural that they do not count for Euf (X, x0) neither.The numberαq does not
dependon the chosen Morsification, by a trivial connectedness argument. We
refer to [STV] for more aboutαq and otherinvariants of this type, which enter
in a formula for theglobal Euler obstructionof an affine varietyY ⊂ CN .

Remark 2.5. The numberαq may beinterpreted as the intersection number
within T∗CN between dF andthe conormalT∗

Xreg
. Thereforeour Proposition 2.3

may be compared to [BMPS, Corollary 5.4], which is proved by using different
methods. J. Schürmann informed us that such a result can also be obtained using
the techniques of [Sch].

3 Milnor numbers

3.1 Lê’s Milnor number

Lê D.T. [Lê3] proved that for a functionf with an isolated singularity atx0 ∈ X
(in the stratified sense) one has a Milnor fibration. He pointed out that, under
certain conditions, the spaceX has “Milnor’s property” in homology (which
means that the reduced homology of the Milnor fiber off is concentrated in
dimension dimX −1). Thenthe Milnor numberμ( f ) is well defined as the rank
of this homology group. By Lê’s results [Lê3], Milnor’s property is satisfied
for instance if(X, x0) is acomplete intersection (not necessarily isolated!) or,
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more generally, if rHd (X, x0) ≥ dim(X, x0), whererHd (X, x0) denotes the
rectified homology depthof (X, x0), see[Lê3] for its definition originating in
Grothendieck’s work.

To compareμ( f ) with Euf (X, x0) we usethe general bouquet theorem for the
Milnor fiber in its homological version. LetM f andMl denote theMilnor fiber
of f and of a general functionl . Let f : (X, x0) → (C, 0) be afunction with
stratified isolated singularity and let3 be the set of stratified Morse points in
some chosen Morsification off (by conventionx0 6∈ 3). Thenby [Ti, pp.228-
229 and Bouquet Theorem] we have:

H̃∗(M f ) ' H̃∗(Ml ) ⊕ ⊕i ∈3H∗−ki +1(C(Fi ), Fi ) (1)

where, forai ∈ 3, Fi denotes thecomplex link of the stratum to whichai

belongs,ki is thedimension of this stratum andC(Fi ) denotes thecone overFi .
In particular, if the germ(X, x0) is a(singular) complete intersection (and more

generally, if rHd(X, x0) ≥ dim(X, x0)), then:μ( f ) = μ(l ) +
∑

ai ∈3 μi , where
μi := rankHdim X−ki (C(Fi ), Fi ). This result shows that the Milnor number
μ( f ) gathers information from all stratified Morse points, whereas Euf (X, x0)

is, upto sign, the numberαq = #30, where30 denotes theset of Morse points
occurring onXreg (see Proposition2.3 above). Notice that we have30 ⊂ 3,
μ(l ) ≥ 0, μi = 1 if i ∈ 30 andμi ≥ 0 if i ∈ 3 \ 30. We therefore get
the general inequality, whenever the spaceX has Milnor’s property (e.g. when
(X, x0) is a complete intersection, not necessarily with isolated singularities),
and therefore the Milnor-Lê number off is well defined:

μ( f ) ≥ (−1)dim XEuf (X, x0). (2)

In case(X, x0) is acompleteintersection with isolated singularity, ICIS for short,
from the discussion following (1) we get the equality:

Euf (X, x0) = (−1)dim X[μ( f ) − μ(l )]. (3)

Still in case(X, x0) is anICIS case, the relation (3) also shows that the inequality
(2) is strict, provided thatx0 is actuallya singularity ofX. Indeed, in this case we
haveμ(l ) > 0, which can be proved using Greuel’s results for ICIS in [Gr], in
particular his remarks on p. 264 after Proposition 5.7,loc.cit. Let us also point
out that for certain complete intersections(X, x0) with nonisolatedsingularity
one mighthave the equalityμ(l ) = 0 (for instance in case of equisingular
hypersurfaces).
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3.2 Another Milnor number

A different generalization of the Milnor number is due to V. Goryunov [Go], D.
Mond and D. van Straten [MS]. This is originally defined for functions on curve
singularitiesX ⊂ CN , andwe refer to [MS, p.178] for the precise definition. This
number is preserved under simultaneous deformations of both the spaceX and
the function f . Thus, if the curve singularity(X, x0) is acomplete intersection
with isolated singularity (ICIS), defined by some applicationg : (Cp+1, x0) →
(Cp, 0) on anopen set inCp+1, andF is an extension off to the ambient space,
thenμG( f ) counts thenumber of critical points (with their multiplicities) of the
restriction ofF to a Milnor fiber ofg, sayXt = g−1(t) for someregular valuet
of g. This makes sense for higher dimensional ICIS too and is equivalent to the
fact thatμG( f ) is thePoincaré-Hopf index of the gradient of the restrictionF|Xt

.
In otherwords, this is saying thatμG( f ) is theGSV-indexof the gradient vector
field of f on X (the genuine gradient, not the conjugate of it as we have used
up to now). We recall that the GSV-index of a vector fieldv on an ICIS(X, x0),
as definedin [GSV, SS], is the Poincaré-Hopf index of an extension ofv to the
Milnor fiber Xt .

We may notice that, for an ICIS, the invariantμG( f ) equals thevirtual mul-
tiplicity at x0 of the function f on X introduced by Izawa and Suwa in [IS]
and denoted̃m( f ; x0). This multiplicity is by definition the localization atx0

of the top Chern class of the virtual cotangent bundleT∗(X) of X defined by
thedifferential of f , which is non-zero onX \ {x0} by hypothesis. The virtual
multiplicity has the advantage of being defined even if the singular set ofX is
non-isolated (we refer to [IS] for details).

The invariantμG( f ), in case of an ICIS, also coincides with the index of the
1-formdgdefined in [EG] and it is similar to the interpretation of the GSV index
of vector fields given in [LSS] as a localization of the top Chern class of the
virtual tangent bundle.

One can find the relation betweenμG( f ) andμ( f ) in case(X, x0) is anICIS,
by using Greuel’s [Gr, Lemma 5.3], as follows. Letμ(X, x0) be theMilnor
number of the ICIS(X, x0) and let f besome function with isolated singularity
on (X, x0). Then:

μG( f ) = μ( f ) + μ(X, x0).

Using (3)we get:

Euf (X, x0) = (−1)dim X[μG( f ) − μG(l )]. (4)
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These equalitiescompletely clarify the relation between Euf (X, x0), theGSV-
index and the Milnor number off , in terms of the Milnor number of the ICIS
(X, x0).

4 Further remarks

It is proved in [BMPS], using [BLS], that one has:

Euf (X, x0) =
q∑

i =0

[χ(M(l , x0) ∩ Wi ) − χ(M( f, x0) ∩ Wi )] ∙ EuX(Wi ), (5)

whereM( f, x0) and M(l , x0) denote representatives of the Milnor fibers off
and of the generic linear functionl , respectively. Combining this relation with
Proposition 2.3 one gets:

q∑

i =0

[χ(M(l , x0) ∩ Wi ) − χ(M( f, x0) ∩ Wi )] ∙ EuX(Wi ) = (−1)dimC Xαq.

Example 4.1. Let X = {x2 − y2 = 0} ×C ⊂ C3 and f be therestriction toX
of the function(x, y, z) 7→ x +2y+z2. Takex0 := (0, 0, 0) and take as general
linear functionl the restriction toX of the projection(x, y, z) 7→ z. ThenX has
two strata:W0 = thez-axis,W1 = X \ {x = y = 0}. We compute Euf (X, x0)

from therelation (5).
First, M(l , x0) ∩ W0 is onepoint andM( f, x0) ∩ W0 is two points. Next,

M(l , x0)∩ W1 is thedisjoint union of two copies ofC∗ andM( f, x0)∩ W1 is the
disjoint union of two copies ofC∗∗, whereC∗ is C minus apoint andC∗∗ is C
minus two points. Then formula (5) gives: Euf (X, x0) = (1− 2) ∙ Eu(X, x0) +
(0 − (−2)) ∙ 1.

Wehave Eu(X, x0) = Eu(X∩{l = 0}, x0). Next Eu(X∩{l = 0}, x0) is justthe
Euler characteristic of the complex link of the sliceX∩{l = 0} = {x2− y2 = 0}.
This complex link is two points, so Eu(X ∩ {l = 0}, x0) = 2. We therefore get
Euf (X, x0) = 0.
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